nuclear charge number in the range: 18 Z 96. In addition, we obtain the ionization potentials for Be-like ions by subtracting the binding energies of the corresponding lithiumlike ions.
The paper is organized as follows. In Sec. II we describe our approach for calculating the binding energies. In Sec. III the numerical results for the binding energies and ionization potentials are presented.
The relativistic units ( = c = 1) and the Heaviside charge unit (α = e 2 /4π, e < 0) are used throughout the paper.
II. METHOD OF CALCULATION
The standard way to describe highly charged ions in the framework of QED is to use the Furry picture. To the zeroth order, this picture neglects the interaction between electrons and treats them as moving in the Coulomb field of the nucleus. Therefore, in the zeroth-order approximation the electrons obey the Dirac equation:
[−iα · ∇ + βm + V nuc (r)] ψ n (r) = ε n ψ n (r).
The interaction between electrons and the coupling with the quantized electromagnetic field are accounted for by perturbation theory. To formulate the QED perturbation theory we use the two-time Green function (TTGF) method [37] .
The convergence of the perturbation series can be accelerated by using the extended Furry picture, that is obtained by replacement of the nucleus potential V nuc in Eq. (1) with the effective potential:
V nuc (r) → V eff (r) = V nuc (r) + V scr (r).
The screening part V scr (r) in Eq. (2) partly accounts for the interelectronic interaction in the zeroth-order Hamiltonian. In order to avoid the double counting the counterterm −V scr must be added to the Feynman diagram technique. Therefore, the perturbation series are constructed in powers of the difference between the full QED interaction Hamiltonian and the screening potential. This approach is especially useful for low-Z ions, where the interelectronic interaction becomes comparable with binding energies of all electrons involved. The extended Furry picture was successfully applied to QED calculations of the energy levels [20-23, 26, 28, 38, 39] , the g-factor [40] , and the hyperfine splitting [41] [42] [43] [44] [45] [46] . Another advantage of using the extended Furry picture, which simplifies the calculations, is avoiding the quasidegeneracy of the states 1s 2 2s 2 and 1s
that takes place for the Coulomb field.
1. The interelectronic-interaction diagrams. The double line denotes the electron moving in the effective potential (2) . The symbol ⊗ represents the local screening potential counterterm.
In the present work we use three different screening potentials. The first choice is the local DiracFock (LDF) potential which is constructed from the wave function of the 1s 2 2s 2 state obtained within the Dirac-Fock approximation. The derivation of the V LDF potential is described in details in Ref. [47] . Two other potentials are derived within the density-functional theory. The KohnSham screening potential can be written in a simple form, if one introduces the total radial charge density of all electrons:
where G/r and F/r are large and small radial components of the Dirac wave functions, and N = 4 is the total number of the electrons. The Kohn-Sham potential is expressed then as follows [48] :
To improve the asymptotic behavior of this potential at large r we have added the Latter correction [49] . The third potential applied in our work is the Perdew-Zunger potential V PZ [50] . This potential has been widely employed in molecular and cluster calculations.
The calculation of the binding energies of berylliumlike ions can be divided into several stages.
At the first step one has to solve Eq. (1) with an effective potential. Moreover, to perform intermediate state summations that arise in the bound states QED calculations one needs to have a quasi-complete set of the Dirac equation solutions. The numerical evaluation of the one-electron wave functions was performed using the dual kinetic balance (DKB) approach [51] with the basis functions constructed from the B-splines [52] .
Next, we have calculated the set of Feynman diagrams describing the remaining interelectronic interaction. These diagrams are shown in Fig. 1 . The circle with a cross denotes the screening potential counterterm. In the most of previous works the consideration was restricted to the calculation of the interaction between two 1s-electrons (He-like ions) or the interaction of 2s-electron with 1s 2 core (Li-like ions). Since in the present work we are interested in the binding energies, we have to calculate the diagrams depicted in Fig. 1 for all possible electron configurations.
For example, the diagram (d) is to be calculated for 1s 2 2s and 1s2s 2 subsets of electrons.
The formulas for calculation of the diagrams (a)-(d) can be found, e.g., in Refs. [19, 53] . A slight modification of the energy integration contour in the complex plane has to be performed to adopt them for the evaluation of the 2s 2 interaction. The derivation of the formal expressions for the (e)-(g) graphs within the TTGF method is straightforward. One easily obtains:
a=1s,2s
∆E f = 2 a=1s,2s n =a
∆E g = 4 a=1s,2s n =a
where
, and a and b denote the corresponding Dirac states.
The interelectronic-interaction contributions of the third and higher orders are also important.
These contributions have been calculated within the Breit approximation. The configurationinteraction Dirac-Fock-Sturm method (CI-DFS) [54, 55] was used to solve the Dirac-Coulomb-Breit equation yielding the energy. The procedure of separation of the desired contribution E
int,Breit from the total result obtained in the CI-DFS calculation was described, e.g., in Refs. [20, 23] . At the intermediate stage of this procedure the first-and second-order interelectronic-interaction contri-
int,Breit and E
int,Breit , have been extracted. To evaluate the accuracy of the numerical procedure we have also calculated these contributions independently using our code for the QED calculation but in the Breit approximation, i.e. calculating the (a), (b), (d)-(g) diagrams in Fig. 1 in the Coulomb gauge at the zero energy transfer and neglecting the negative-energy contribution.
A very good agreement between the two different approaches was found for all three screening potentials.
At the next stage we should take into account the contributions from diagrams shown in Fig 2. In this figure, all first-and second-order QED diagrams are depicted with the exception of oneelectron two-loop graphs, which will be discussed below. The diagrams in the first line are referred to as the self-energy (SE) diagrams, while in the second line the vacuum polarization (VP) diagrams are presented. Formal expressions for these diagrams derived by the TTGF method can be found, e.g., in Ref. [20] . These expressions suffer from ultraviolet divergences. The divergences in the SE diagrams are cancelled explicitly according with the renormalization scheme described in detail in Refs. [56, 57] . The VP corrections are conveniently divided into the Uehling and WichmannKroll terms. In the present work the Uehling part is calculated for all VP corrections. The
Wichmann-Kroll contribution of the diagrams (i)-(j) is calculated by using the approximate for-mula for the Wichmann-Kroll potential [58] . Furthermore, this approximate potential is employed for calculation of the screening correction to the contribution of diagram (f). The one-electron Wichmann-Kroll contributions in the Coulomb field are obtained using the values presented in Ref. [59] . The Wichmann-Kroll part of the diagram (g) is relatively small [60] and has been neglected here, together with the related contribution of diagram (h).
The last second-order radiative corrections that we have to account for are given by the two-loop one-electron diagrams. The calculation of these diagrams to all orders in αZ is a very complicated task which has not yet been finished. The latest progress in this field is related to the evaluation of the two-loop self-energy diagrams. For high-Z ions the calculation of the complete set of the twoloop self-energy diagrams was performed in Ref. [61] for n = 1, 2 states (n is the principal quantum number). For medium-Z ions these corrections were calculated only for the 1s state [62, 63] . The rest of the two-loop contributions, that incorporates the diagrams with the closed fermion loop, was considered in Ref. [15] (see also Ref. [13] and references therein). The so-called free-loop approximation was employed there in case when the complete evaluation was not performed. In the present work, to get the two-loop corrections we interpolated the data of Refs. [15, [61] [62] [63] .
Next, we have to account for the nuclear recoil corrections. The full relativistic theory of the nuclear recoil effect can be formulated only within QED. Such a theory to the first order in m/M (M is the nuclear mass) and to all orders in αZ was developed in Refs. [64, 65] (see also Refs. [66, 67] and references therein). In the Breit approximation the theory leads to the following Hamiltonian [64, 65, 68] :
To get the nuclear recoil correction within the Breit approximation we evaluated the expectation value of the Hamiltonian (9) with the wave functions obtained by the CI-DFS method. The nuclear recoil corrections beyond the Breit approximation, which are referred to as the QED nuclear recoil effects, have been evaluated to the zeroth order in 1/Z. Since all the electrons in the ground state of a berylliumlike ion (1s 2 2s 2 ) have the same parity, in the zeroth order in 1/Z the two-electron QED recoil corrections vanish [69] . Therefore, we have to account for the one-electron QED recoil corrections only and, therefore, can use the related results for hydrogenlike ions. In Refs. [70, 71] the one-electron QED recoil corrections have been calculated for extended nuclei to all orders in αZ. Here we interpolate the data from these works.
Finally, for high-Z ions one has to take into account the effect of nuclear polarization. This correction results from the electron-nucleus interaction diagrams, in which the intermediate nuclear states are excited. We incorporate this correction using the results of Refs. [72] [73] [74] .
To complete the discussion of the computation details it is worth noting that the numerical procedure for the evaluation of the QED corrections was checked by using two gauges, the Feynman and the Coulomb ones. Both calculations agreed very well with each other. The calculations were performed for extended nuclei using the Fermi nuclear-charge distribution with a thickness parameter of 2.3 fm. The nuclear radii were taken from Refs. [75] .
III. NUMERICAL RESULTS AND DISCUSSIONS
In this section we present our results for the ground-state binding energies and ionization potentials in berylliumlike ions.
The individual contributions to the ground-state binding energies of berylliumlike calcium, xenon, and uranium calculated for the three screening potentials are collected in Tables I-III, respectively. For each ion the first line displays the binding energy E
Dirac obtained as a sum of the one-electron Dirac energies. For uranium we added the nuclear deformation correction following the results of Ref. [76] . In the second line the contribution of the first-order diagrams presented in Fig. 1 is given (diagrams (a) and (e) ). The diagram (a) is calculated within QED, i.e. the difference of the reference-state energies is kept in the photon propagator of the exchange part.
In the third row we give the contribution of the second-order diagrams in Fig. 1 evaluated using the Breit approximation. We note that we consider the Coulomb and Breit photons on an equal footing. Therefore, the exchange by two Breit photons belongs to the second order term. This way to account for the Breit interaction differs from the way of Yerokhin et. al. [39] , where the Breit interaction is considered to the first order only. Moreover, in the Ref.
[39] the negative energy continuum was partly accounted for in the correction under consideration. The fourth line contains the QED correction E
int,QED to the third line, that is defined as the difference between the calculations of the second-order diagrams in the framework of the rigorous QED approach and the Breit approximation. In the fifth line we give the electron-correlation contribution of the third and higher orders in the Breit approximation obtained from the CI-DFS calculations. The sixth row displays the sum of all the previous terms (lines from first to fifth), E int,total . From Tables I-III it is seen that the E int,total values are in a good agreement with each other for all screening potentials.
The contributions of the first-and second-order diagrams in Fig. 2 are given in the seventh and eighth rows, respectively. The ninth line contains the contribution of the twoloop one-electron diagrams. In the row labeled E QED,total we present the sum of the contributions of the QED diagrams (lines from seventh to ninth). Again one can see that the results of the calculations for all screening potentials are in a good agreement with each other. In the next two lines we give the nuclear recoil correction calculated in the Breit approximation using the CI-DFS method and the QED recoil effect evaluated to the zeroth order in 1/Z, respectively. In Table III for berylliumlike uranium the row E Nucl.Pol. presents the contribution of the nuclear polarization effect. Finally, the total values of the ground-state binding energies are given in the last lines.
From Tables I-III it is seen that the total values of the binding energies are almost independent of the screening potential. Hence, for all other ions we have performed the calculations using only the LDF screening potential.
The binding energy of an ion can be obtained by summing the ionization energies of all its constituent electrons. In case of a berylliumlike ion it means that one should sum the ionization potentials of the H-, He-, Li-, and Be-like ions. The corresponding compilation can be found in the NIST database [77] . In this compilation the ionization energies of hydrogenlike ions are taken from the work of Johnson and Soff [78] . The ionization potentials for heliumlike ions almost for all nuclei of interest are obtained from the paper by Artemyev et. al. [18] . The exceptions are the He-like radium, thorium, plutonium and curium. For these ions the energies are taken from the work of Drake [79] . The ionization potentials for lithiumlike ions were calculated by Sapirstein a Gu [34] .
b Chen and Cheng [32] with the finite nuclear size correction recalculated employing the nuclear charge radii taken from Ref. [75] .
c Yerokhin et. al. [36] .
and Cheng [21] . For ionization energies of berylliumlike ions with Z 50 the NIST database uses the tabulation by Biémont et. al. [80] . For tungsten (Z = 74) the energy is obtained from the paper by Kramida and Reader [81] . For all other berylliumlike ions the potentials are extracted from the work of Rodrigues et. al. [33] . The works [80] and [81] are closely related to experiment, since the data presented there were obtained by combining the theoretical calculations with the systematic consideration of available spectroscopic data along different isoelectronic series. The uncertainties, which are given in the parentheses, were obtained by summing quadratically the uncertainty due to the nuclear size effect, the uncertainty of the CI-DFS calculation, and the uncertainty due to uncalculated two-loop one-electron QED contributions and uncalculated QED corrections of third and higher orders. For uranium the nuclear size uncertainty was estimated following to Ref. [76] . For other ions this uncertainty was estimated by summing quadratically two values. The first one was obtained by varying the root-mean-square radius within its error bar presented in Ref. [75] . The second one accounts for the dependence of the nuclear size correction on the model of the nuclear charge distribution. It was evaluated as the difference of the results obtained with the Fermi model and the model of homogeneously charged sphere. The uncertainty due to uncalculated QED corrections to the interelectronic interaction of third and higher orders was conservatively estimated multiplying the term E
int,Breit by the double ratio of the second order QED correction to the interelectronic interaction and the corresponding contribution calculated within the Breit approximation, E (2) int,QED /E (2) int,Breit . The uncertainty due to uncalculated two-loop one-electron QED terms was estimated following to Ref. [15] . Finally, we have conservatively estimated the contribution of the higher-order screened QED diagrams by multiplying the second order QED term by the factor 2/Z. For low-Z ions the total uncertainty is mainly determined by the uncertainty of the CI-DFS calculation. For high-Z ions the uncertainties due to the nuclear size effect and uncalculated one-electron two-loop corrections play a dominant role. In Table IV we compare our binding energies with the NIST database compilation and the relativistic CI calculations by Chen and Cheng [32] , Gu [34] , and Yerokhin et. al. [36] . The main uncertainty to the NIST final values comes from the ionization potentials for berylliumlike ions. This is not surprising since, as it was mentioned above, all the previous calculations of Be-like ions include the QED effects either semiempirically or in some one-electron approximations. It is seen that, as a rule, our results are in a good agreement with the previous calculations but have much higher accuracies. Some discrepancy with the NIST values is observed for several first ions with Z > 50.
The reason of this discrepancy is unclear to us.
Finally, in Table V of Be-like ions presented in Table IV . We do not use the NIST compilation for lithiumlike ions directly. Instead, we sum the ionization potentials for H-, He-, and Li-like ions. For heliumlike and lithiumlike ions we use the tabulations from Refs. [18] and [21] , respectively. However, we have recalculated the finite nuclear size correction to the Dirac energies of the 1s and 2s states, since in those works the calculations were performed for nuclear radii that differ from ones we use here. To obtain the ionization potentials for H-like ions, we sum all the one-electron 1s
contributions. The self-energy contributions were obtained by interpolating the values presented in Ref. [82] with the nuclear size correction according to Ref. [83] . The contributions of the vacuum polarization diagram were taken from Ref. [42] . The two-loop one-electron QED corrections were added according to the works [15, [61] [62] [63] . To incorporate the recoil corrections we used the data presented in Ref. [70] . In Table V our ionization potentials for the berylliumlike ions are compared with other theoretical predictions. As it was mentioned above, the works [80] and [81] are semiempirical. Therefore, one can consider the corresponding values and uncertainties as some experimental limits for the ionization potentials. It can be seen that our ionization energies agree with the previous calculations but have a much higher accuracy, especially for high-Z ions.
IV. SUMMARY
To summarize, the calculations of the ground-state binding energies and ionization potentials for berylliumlike ions were performed in the range: 18 Z 96. Our computational procedure allows to merge the rigorous QED calculations up to the second order of the perturbation theory with the large-scale CI-DFS evaluations of the higher-order electron-correlation contributions. As the result, the most precise theoretical predictions for the ground-state binding energies and the ionization potentials in Be-like ions have been obtained.
